It is demonstrated that the dynamics of small-amplitude dark solitons in optical fibers may be described by the wellknown Korteweg-de Vries equation. This approach allows us to explain analytically the temporal self-shift of dark solitons due to the Raman contribution to the nonlinear refractive index, which has been observed experimentally by Weiner et al. [Opt. Lett. 14, 868 (1989)].
As is well known, optical pulses may propagate in single-mode fibers without broadening in the form of bright or dark solitons for which the nonlinear refractive index exactly compensates the group-velocity dispersion' (GVD). Soliton propagation of bright pulses has been verified in a number of elegant experiments performed in the negative GVD region of the fiber spectrum, i.e., for X > 1.3 Arm in standard monomode silica fibers (see, e.g., the pioneering paper by Mollenauer et al. 2 ). Because of the difficulty of generating appropriate dark pulses, experimental investigations of dark solitons, predicted for the positive GVD region,' were started only recently. 3 -5 In the experiments, dark solitons were produced and observed on a broad bright pulse with a rapid intensity dip stimulated by a driving pulse or utilizing a specially shaped antisymmetric input pulse of finite extent. But as was demonstrated by numerical 6 and analytical 7 studies, the finite duration of the background pulse is not a principal limitation for the dark-soliton propagation, and the generated dark pulses possess similar properties as exact dark solitons for a cw background. Recently, Weiner et al. 8 reported the discovery of temporal and spectral self-shifts of dark solitons propagating in single-mode fibers. The results were discussed using numerical solutions of the modified nonlinear Schrodinger (NLS) equation that includes the Raman contribution to the nonlinear refractive index. This Letter aims to describe analytically the perturbationinduced dynamics of small-amplitude dark solitons, demonstrating a connection between the NLS equation and the well-known Korteweg-de Vries (KdV) equation in the small-amplitude limit. This approach allows us to explain analytically the observed temporal self-shift of dark solitons due to Raman self-pumping.
The propagation of nonlinear pulses in optical fibers with dispersion is well described by the conventional NLS equation, which has the following scaled form:
where u(x, t) is the complex field amplitude envelope in a reference frame moving with the pulse and a is the sign of the GVD of the pulse. The solutions of this equation divide into two different classes depending on the sign of a-. In the case a = -1 (negative GVD), the equation possesses stable bright-soliton solutions.' At a = +1 (positive GVD), the cw solution Iul = uo = const. is stable and, as a result, Eq. (1) has soliton solutions in the form of localized dark pulses propagating on the cw background. The one-soliton dark pulse has the form 9
and corresponds to the boundary conditions lul -uo at t -An; the solution, Eqs. (2) and (3), has the only parameter v (unlike for a bright soliton) that characterizes the soliton intensity. For simplicity, we put to = 0. We distinguish two limiting cases of the dark soliton. The fundamental dark soliton [Eqs. (2) and (3) at
is the antisymmetric function of time with the 7r phase shift and zero intensity at its center. Another limiting case, v 2 << 1, corresponds to a small-amplitude dark soliton, when the solution [Eqs. (2) and (3)] may be presented in the form
where
and its velocity is close to the velocity of the background linear excitations. It is demonstrated here that the dynamics of the latter solitons may be described by the well-studied KdV equation. The connection between the NLS equation at af = +1 and the KdV equation allows us to study in a simple way a number of features related to the dark-soliton dynamics, e.g., the creation of dark solitons by an arbitrary input pulse without a threshold, 7 the temporal selfshift of dark solitons, 8 and the intermode attractive interaction of dark solitons in two-mode optical fi-
To describe the dark-soliton dynamics in the smallamplitude limit, we look for a solution of Eq. (1) in the form
Substituting Eq. (6) into Eq. (1), we obtain in the small-amplitude limit two equations,
where the subscripts denote the derivations with respect to the corresponding variables.
To simplify Eqs. (7), first note that linear excitations described by the linearized equations have two limiting velocities 4ICI (in the t space), where
This fact allows us to divide the propagation directions and consider the nonlinear dynamics for both directions separately, introducing the new variables
with e being an arbitrary parameter that is proportion- Substituting Eqs. (10) into Eqs. (7), we may obtain a set of equations produced by the coefficients at the different powers of e. The details of these calculations are in a recent paper by the author." It is important that in the lowest approximation of the approach, the perturbative equations yield the relation between Vo0 and ao in the form
which demonstrates the possibility of exactly describing the dynamics of small-amplitude dark solitons by the KdV equation (12) . Let us use the same approach to study the perturbation-induced dynamics of dark solitons. From the physical viewpoint, it is important to analyze the influence of the Raman self-pumping on the soliton dynamics. As is well known, Raman self-pumping does not change the amplitude of a bright soliton but produces its frequency shift; the shift is proportional to the fourth power of the soliton amplitude and to the propagation distance (see, e.g., Refs. 1, 12, and 13). In this Letter the author describes the experimentally observed temporal self-shift of dark solitons produced by Raman self-pumping.
The Raman contribution to the nonlinear refractive index may be studied in the framework of the modified NLS equation,
where a is the Raman gain parameter, when the Raman response function of silica is extremely short.' 4 By using the approach presented above, one can conclude that the term au(IuI)2t in the NLS equation leads to the contribution -2auo 2 at in the right-hand side of Eq. (7b). The resulting first-order equation for the soliton amplitude ao has the form 2CaOY + 2 4 uOaOaOT -ao.,, = 2(a/e)uo2 aorT. (16) Equation (16) Taking into account Eq. (14) and the relation between y and x defined in Eq. (9), we obtain 
The KdV equation (12) has the soliton solution
2 )J (13) where K is the KdV soliton parameter. Direct comparison of the solution [Eqs. (9), (10), (11), and (13) 
2o (17) where sgn C = +1 at C> 0 and sgn C = -1 at C <0.
Let us discuss the result [Eq. (17)] from the viewpoint of the experimental data obtained in Ref. 8 . The starting pulse for these experiments and numerical calculations was a tangent-hyperbolic dark pulse on a Gaussian background pulse, which can be presented in the convenient form u(O, t) = A tanh t exp(-t 2 /T 2 ). 8 one or two pairs were observed, 5 ' 8 and they may be considered as small-amplitude ones.
In the presence of Raman self-pumping [a Pd 0 in Eq. (15)], the generation of dark solitons from the input pulse [Eq. (18)] is modified, because the perturbation changes the parameters of the generated solitons. For the small-amplitude (gray) solitons, the evolution of the soliton amplitude is described by Eq. . It is obvious that the soliton moving to the right will disappear and that its mate will tend to be a fundamental one. The central dark also shifts to later times, and it has a lower contrast. The formula, Eq. (17), cannot be applied directly to describe the initial evolution of the fundamental soliton, but its shift is less because the shift speed is proportional to the soliton velocity. As a result, the output optical pulse must display significant asymmetry owing to the temporal self-shifts of dark solitons. The effect is in substantial agreement with the experimental and numerical results, and the shifts are more evident for high-power input pulses 8 because the characteristic scale x 0 is inversely proportional to the third power of the background intensity In summary, using the connection between the NLS equation describing the dark-soliton dynamics and the KdV equation, it has been demonstrated that the influence of the self-induced Raman scattering on the small-amplitude dark solitons is described by the Korteweg-de Vries-Burgers equation. It allows one to explain analytically the temporal self-shift of dark solitons due to Raman self-pumping that had been observed experimentally. The same approach may be useful to analyze the perturbation-induced dynamics of dark solitons in other cases, e.g., their attractive interaction due to an intermode coupling in birefringent fibers.
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